Geometry with GeoGebra — part two — Conic sections

PART TWO: CONIC SECTIONS

Introduction
A conic sectionis a curve you get by intersection of a planend adouble infinite cone
which is obtained by rotation (in space!) of a lsh@around an axia (linesa andd are

secant at O):

Depending on the angle in which the plane cuts the goneget a circle, an ellipse, a
parabola or a hyperbola but you can also get a line, teansénes or even just the point
O which are not very interesting and are thereforled¢dtlegenerate” conics.

This definition, which explains the term “conic sectioils’a 3 — dimensional approach of
2 — dimensional curves which is not very convenient.tkigrreason we shall give now

some « 2 — dimensional » approaches of these curves.
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1) The locus of equidistant points to a line and a point.

Given a lined and a point, let’s construct the locu§ of all points P which are

equidistant from F and d, i.€F= Pc.

Let s be a real positive number, then the locus of the p&rgach thaPF= s is the

circle with centreF and radius and the locus of the points P such tRal= < is the

union of two parallel linea andb so thatl" is the intersection of these two loci (for

sOR),).

Make the followingconstruction

a pointF, a lined and a slides (with 0< s< 50( for example)

the circle with centré& and radius

the linesa andb whose distance td equalss

hide all points and lines you needed for this constructi@hvaimo are not
shown on the figure above

the intersection points P and P’ of these lines anditbk

activate the “trace” function on points P and P’ andsliser s to visualizd

to get a more smooth curve (as shown on the figure) astottus’ command

Definition

The curvel’ you get is called parabola with focus Fanddirectrix d.
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Questions:

What happens to the parabola if you move F further aveery &7

What happens if you put F on the other side of d?

Verify that you get exactly the same curve by using “ih@rabola” command of
GeoGebra:

File Edit View Perspectives Options Tools Window Help
DREFEE [ [»|zec| £ | | Parabola: Select point and directrix

Which line do you think is called th@fincipal axis of " ?

A
._

Which point do you think is called the€rtex’ of the parabola?

What are the elements of symmetry of a parabola?

2) A monofocal definition of conic sections

* Definition
Given a lined, a pointF and a positive humbeg, the locusl” of all points P
such thatPF=¢[Pc is called aconic sectionwith focus F, directrix d and
eccentricity €.

* Note that in this definition we just speak abaume focus and that's why it’s
called “monofocal’. Later we’ll see that ellipsesdanyperbolas actually haveo
foci and two directices and that these conics can be defined innaletely
different way.

* If €e=0 thenPF=00Pd= PE 0= B and the locu§ would be reduced to
the single point F! For this reason we assumeghad .

* In exercise 1 we have seen that forl1 I is a parabola and we shall examine
now the shape off for e>1 and forO<e<1.

» Construction
You just have to take again the construction of exercise 4dd a slidee (with
0<e<5 for example) and to change the radius of the circlels. Note that for

certain values o€ the circle cuts the lines a and b in four points!
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* Definition
A conic section with:
0 O<e<liscalled arellipse
o0 ¢&=1is called garabola
0 ¢&>1is called ehyperbola
e Questions
What can you say about the influence of eccentricitgh@enshape of” ? What
about the influence of the distance Fd on this shape?
» Draw five points o™ and then use the commantbhic through five points’ of

GeoGebra to verify that the curve you get coincidestxauth T :

sectives Options Tools Window Help

S [=] <

3 |Graphics

X‘ Conic through Five Points: Select five points on conic

3) A bifocal definition of an ellipse
Given two pointd andF and a real numbes> FF', let’s construct the locuE of
all points P such tha®PF+ PF= <

On the following figure it's easily seen how to buildstlocus....
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.. and thatl" is an ellipse but this time defined by two points F &hdalled foci
and a real numbex
Verify that you get exactly the same curve by using tekipse’ command of
GeoGebra:

spectives Options Tools Window Help

>

Questions

AEIC

‘ Ellipse: Select two foci and point on ellipse

What are some obvious limitations on the numbers s andhat can you say about
the influence of the number s and the distance FRhemshape of ?

Problem

In exercise 2 we have seen that an ellipse is defayed focus, a directrix and its
eccentricity (the “monofocal”’ definition) and now gee that it can also be defined
by two foci and a number s (the “bifocal” definition).eVghall now examine the

relation between these two definitions

Construct:

o an ellipsel with foci F and F’ by using theetlipsé’ command of GeoGebra

o the linem=(FF) which is called théocal or major axis of I
o the midpoint O of FF] which is called theentre of T

0 the intersection point¥, andV, of (FF’) andl
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o the perpendicular bisectar of [FF| which is called theninor axis of I

o the intersection point¥, andV, of the minor axis and’

o the pointsv,, V,, V, andV, are called theerticesof I

o the measures= OV, = OV,, b=0V, =0V, and c= OF= OF: thedistances
2a=\V,V, and 2b=\,V, are also called respectivetgajor axis and minor
axisof ' and the distanc@c= FF is called thdocal distanceof I

a.2

o the numbersezE andf =—
a c

o the two lines d and d’ such thetT(FF) and d'O(FF) (d is the closest to

F, d’ the closest to F’) an@d= Od'= f
o apointMOr

o0 the measureMF, Md and the numbem—z

o0 the measureMF', Md' and the numbellf\l\;:—oFll

+ 1
o the numberMF—MF

Question
What can you conclude from all this?
4) A bifocal definition of an hyperbola
Given two pointsk andF’ and a real numbes; let's construct the locu§ of all
points P such thgPF- PF'= <
Let’s notice that fors= 0 we getPF= PF and T is the perpendicular bisector of
[FF] so that from now on we assume tBat 0.
PF- PF= s if PB PF'
|PF- PH'= s- _
PF- PF=s if PF> PF
PF- PF= s if P onthe same side of m the
PF- PF= s if P on the same side of m th¢

case 1 PF'> PF
Let's definePF=t and PF'= s+ tthenPF-~ PF= <and it comes :
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PF'<s PF+ FF'-= & & + FF- s<FF,

FF'<s FP+ PF= FFKK t st < FF-s< 2t- FF/2-s/2& |

and I =C(F,t)n C(F',s+ 1§

case 2 PF> PF

Let’s define PF'= t and PF= s+ t{thenPF- PF= <and it comes :

PF< PF+ FF'- & & + FF. s<FF,

FF'<s FP+ PF- FFKK t st < FF-s< 2te FF/2-s/2x |

and I =C(F,t)n C(F',s+ 1}

On the following figure (wher®@<s< FF and FF'/2-s/2< & 20() it's easily seen

how to build this locus....

11
1

- -
- —

~ -

.... and that" is a hyperbola but this time defined by two points F ancafédfoci
and a real numbex

Verify that you get exactly the same curve by using“thgerbola” command of
GeoGebra:

Perspectives Options Tools Window Help

Hyperbola: Select two foci and point on hyperbola

Question

What can you say about the influence of the numbemdstla distance FF’ on the

shape ofl” ?
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Problem
In the same way as in exercise 3 we shall now exammedlation between the
monofocal definition (based on a focus, a directrix #mel eccentricity) and the
bifocal definition (based on two foci and a point) of a ippéa.
Construct:
o0 a hyperbolal with foci F and F' by using thehYperbola” command of
GeoGebra

o the linem=(FF) which is called théocal axisof I
o the midpoint O of FF] which is called theentre of T

o the intersection pointg andV’ of (FF’) andl" which are called are called the
verticesof I
0 the measuresa= OV=0V' and c= OF= OF: the distance2c= FF is

called thefocal distanceof I

2

o the numberdb=+c-2a, :Zi andf :%
o the two lines d and d’ such th@td= Od'= f, d O(FF) andd'0(FF) (d is

the closest to F, d’ the closest to F)

o the rectangle (ABCD) such that m is the perpendichisector of BC] and
of [AD] and thatvB =VC =V'A =V'B =b
o the lines(AC) and(BD)

o apointMOr

o0 the measure®F, Md and the numbem—z
, MF'
0 the measureMF', Md' and the numbem

o the numberM

Questions

What can you say about the lin¢#C) and (BD) ? What can you conclude from all this?
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5) Algebraic curves of second degree

Definition
An algebraic curve of the second degrees the set of all pointsP(x;y) whose

coordinates X, y verify an equation of the second degree:

ax’ + by’ + cx+ dy+ e+ fxy= (

where a, b, ¢, d, e, f are real coefficients.
You can enter such an equation in the “input bar” at th®ivoof the screen, for

example if you typex +y?~16= 0 you get a circle of centr®(0;0) and radius 4.

In order to try a lot of different curves it's morernwvenient to define first 6 sliders a,
b, c, d, e, f (whose values can be fixed for exampterden -50 and 50) and then

enter aldx’ + bOy’ + cOx+ ddy+ e+ fOxJy= ( (the * for multiplication are a

must!). Now you can vary these coefficients and obséwehapes you get!

. algebraic curves.ggb

File Edit View Perspectives Options Tools Window Help

E ; S Move Graphics View: Drag the Graphics View or one a

Algebra U2X |Graphics

= Free Objects 151
-2 a=4
-0 b = 4.67
-0 ¢ =-15.67 101
-0 d =29
-0 e = -41.67
~0f=7.33 51
= Dependent Objects

-~ g1 4x® +7.33xy + 4.67y> — 15.67x — 2

25 .20 15 -0 5 \K—s)
a=4 -5
b =467
c=-15.67 -10+
d=-29 19
e =-4167 201

f=7.33

-251
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Try following examples:

 a=b=f=0then you get of courseliae (equation of degree 1)
* a=b# 0 andf =0 then you get aircle, a point (for example the point
(3;-4) if a=b=1c=-6, d=8, e= 25andf =0) ornothing (for example

if a=b=c=d= e ). “Nothing” means thatl, the set of points which

verify this equation i.e. the curve, is the empty det=:[] .

e ab>0,a#b,andf =0 thenyougeta ...........0r ........... (o] ST
e ab<Oandf =0thenyougeta............ (o] USRI

e b=d=f=0 thenyou get............... (o] SRR

e a=c=f=0thenyouget................. (o] SEUUUTUSI

 a#0,d#0andb=f=0thenyouget............

* b#0,cz0anda=f=0thenyouget........c..cceevvvrin....

for all these exampleE=0, what happens if Z0? ..........coooiiiiiiiinnnn.

All the curves you get with this equation are called “c&hlaut those who are not a
parabola, a hyperbola, an ellipse or a circle aretedie ‘degenerate conics”.

6) Optical properties of conic sections

a) Preliminary: a ray of light reflected by a mirror
If a ray of light (or any other kind of wave...), issuedr a source point S, meets
a mirror (represented by a line d) at the impact poiitti$ reflected in the

direction of the target point T so that the angtesned by[IS) and[IT) with d

have the same measune

a

mirror (line d)
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A very simple way to create that figure is to reflae (SI) in line d using the
command Reflect Object in Line”".

If the mirror is not flat you can replace it symballg by the tangent line at the
point | because in an infinitesimal neighbourhood of | éhsr no difference
between the curve and its tangent at I:

mirror

An optical property of an ellipse

Given an ellipsd” (considered as a mirror!), its foci F and F’ and anpbon I,
make a construction in order to find out what happens to aawltyout at F and
meetingl™ in I! Give a correct formulation of this property!

An application of this property on acoustics is showtha following picture, a
German engraving of f7century which shows a “whispering gallery”, a very
popular subject in architecture of these times.

Quelle: Deutsche Fotothek
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c)

d)
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An optical property of a parabola

Given a parabold” (considered as a mirror!), its focus F and a point Il'q
make a construction in order to find out what happens to aaltyout at F and
meetingl™ in I! Give a correct formulation of this property!

Applications of this property are: headlights for caedgellite dishes, etc.

An optical property of the directrix of a parabola

Construct following figure: a line d, a point F, the parabola of focus F and
directrix d, a pointPI", t the tangent of at P, M the intersection point of t and
d and t’ the perpendicular to t dropped from M. What caa say about t'?
Formulate that property of the directrix of a parabola

An optical property of a hyperbola

Imagine a mirror in the shape of half a hyperbola (iidti F and F’) and a
source of light S outside the mirror. What happensiuf gend a ray of light from
S in the direction of the focus F which it can’t redsdctause it is behind the

mirror?

mirror

(hyperbola)
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